We apply the Gauss-Bonnet theorem to the study of light rays in a plasma medium in a static and spherically symmetric gravitational field and also to the study of timelike geodesics followed for test massive particles in a spacetime with the same symmetries. The possibility to using the theorem follows from a correspondence between timelike curves followed by light rays in a plasma medium and spatial geodesics in an associated Riemannian optical metric. A similar correspondence follows for massive particles. For some examples and applications, we compute the deflection angle in weak gravitational fields for different plasma density profiles and gravitational fields.
I. INTRODUCTION
The study of gravitational lenses has had and continues to have a tremendous impact on our understanding of the components of the Universe and the distribution of matter. From the observational point of view we can cite many examples, in which through the study of the curvature of light the content of matter of astrophysical objects can be determined (see, for example Refs. [1] [2] [3] and references therein).
On the other hand, studies of gravitational lens systems are also important inthe characterization of the cosmic microwave background radiation and related cosmological aspects [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . At the same time, from the astrophysical point of view, its study is also necessary because it allows us to predict the shape (or shadow) of a black hole or the gravitational lensing properties of more exotic compact bodies.
In general, the expressions for the deflection angle or the associated optical scalars are written in terms of derivatives of the different components of the metrics. Notwithstanding that, in Ref. [17] , we presented an expression for the deflection angle in terms of the curvature scalars, which was generalized to the cosmological context in Ref. [18] and recently by us to second order in perturbations of a flat metric [19] . Intriguingly, this is not the only known way to write the deflection angle in terms of curvature quantities. Recently, Gibbons and Werner introduced an elegant new way of studying gravitational lensing using the Gauss-Bonnet theorem and an associated optical metric [20] . In particular, they obtained a relation between the deflection angle, the Gaussian curvature of the associated optical metric and the topology of the manifold.
Since then, many and varied applications have emerged. In particular, in the last years this new technique has being used in order to compute gravitational lensing quantities in a variety of spacetimes in vacuum; electro-vacuum or with different scalar fields or effective fluids. In Refs. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] we find applications of the method to the study of a variety of different spacetimes with spherical symmetry, and in [35] the method was modified by Werner in order to allow the study of gravitational lensing in rotating and stationary spacetimes. This new version was applied to a variety of metrics in Refs. [36] [37] [38] [39] [40] [41] .
On the other hand, one expects that compact astrophysical objects and even galaxies or clusters of galaxies will be immersed in a plasma fluid. In general, in the visible spectrum, the modification of the gravitational lensing quantities due to the presence of the plasma is negligible, because they are only significant in the radiowave regime. Nevertheless there exists in actuality some radio-telescope projects that work in the frequency bandwidth in which these effects could be observable [42] [43] [44] [45] [46] . Motivated by that, a proliferation of works dealing with the influence of plasma media on the trajectory of light rays in a external gravitational field associated to compact bodies have resurged [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] .
For all these reasons, it would be desirable to find new ways to study this problem in situations in which there exists a plasma environment. In this paper, inspired in the powerful Gibbons-Werner method, we use an appropriately chosen two-dimensional optical metric to extend the use of the Gauss-Bonnet theorem to spherically symmetric spacetimes in the presence of a cold nonmagnetized plasma. Even when we do not discuss nondispersive media, a similar application of the optical metric to that case is possible.
Moreover, there exists a correspondence between the dynamics of light rays in an homogeneous plasma and massive particles following the geodesic at the same spacetime. This allows us to use the Gibbons-Werner method also in these situations. Recently, Gibbons introduced a Jacobi metric, which is basically the same we discuss here [69] . For an example, we will use this correspondence to compute the bending angle for massive particles in a Schwarzschild solution.
This work is organized as follows. In Sec. II we briefly review the dynamic of light rays in a cold nonmagnetized plasma medium, and in particular how to use the optical metric to obtain information about the orbits of light rays through the use of the Gauss-Bonnet theorem. In Sec. III we present a collection of known examples but also new applications for several compact objects surrounded by an homogeneous plasma. In Sec. IV, we show how this method can also be applied to the discussion of nonuniform plasma, and in particular, we show, for weak gravitational fields and small deflection angles, the equivalence between the deflection angle obtained in the framework of the Gibbons-Werner method and that which is obtained from explicit solutions of the Hamilton equations as shown by Ref. [48] . In Sec. V, we discuss how to use this method to compute deflection angles of massive particles in spherically symmetric spacetimes. We finalize with general comments and the prospect of future research. An Appendix with a couple of extra examples of the use of the method to nonuniform plasma medium is also included.
II. THE OPTICAL METRIC AND THE GAUSS-BONNET THEOREM
A. The optical metric associated to a plasma medium in an external gravitational field
Let us consider a static spacetime (M, g αβ ) filled with a cold nonmagnetized plasma described by the refractive index n [52, 53] ,
where ω(x) is the photon frequency measured by a static observer while ω e (x) is the electron plasma frequency,
where e and m e are the charge of the electron and its mass, respectively; and N (x) is the number density of electrons in the plasma. Note that, only light rays with ω(x) > ω e (x) propagate through the plasma. On the other hand, if ω(x) < ω e (x), the refractive index becomes imaginary, and the waves with such frequencies will not propagate through the plasma and will be evanescent. The reason that the plasma frequency sets the physical scale can be understood as originating in the relation between the conduction current and the displacement current. In the first place, the conduction current always opposes to the displacement current. On the other hand, if the frequency of the electromagnetic wave is bigger than the plasma frequency, then the conducting current is smaller than the displacement current and the electromagnetic propagation occurs, however, for a wave with the plasma frequency, the current density exactly cancels the displacement current, and for smaller frequencies, the conducting current becomes bigger than the displacement current, and the total effective current (conducting plus displacement) has the wrong sign to allow propagation. In the following, we will not consider this kind of situations; however, we refer to Ref. [66] for a study of propagation of electromagnetic waves in nondispersive media with a complex refractive index in curved spacetimes using an effective metric that includes absorption. Note that, due to (1), photons in a plasma deviate from null geodesics of the underlying spacetime in a frequencydependent way. Moreover, even in the presence of an homogeneous plasma, namely with ω e (x) = constant, if the underlying spacetime produce a nontrivial gravitational redshift, that is the photon frequency ω changes along the trajectory, it produces a nontrivial dispersion through (1) and therefore allows again a deviation of the light rays from the null geodesics trajectories. Of course, this last effect is not present in a flat spacetime.
In this context, light propagation is usually described through the Hamiltonian [52] (see also Ref. [70] for a complete and detailed treatment),
where light rays are solutions of Hamilton's equation
with the constraint
ands is an curve parameter along the light curves. From (5) we can see that, in general, light rays, instead of following timelike or null geodesics with respect to g αβ , describe timelike curves with the exception of a homogeneous plasma medium in which light rays follow timelike geodesics of g αβ . It can be heuristically understood by noting that, even in a flat spacetime filled with a homogeneous plasma, it follows from (1), and n = c|k|/ω, with |k| the norm of the wave number vector, that the dispersion relation reads ω 2 = c 2 |k| 2 + ω 2 e , and therefore a photon behaves as if it has an effective inertial mass m eff = ω e . On the other hand in a gravitational field, and using the equivalence principle, this effective mass agrees with the gravitational mass, allowing the photon to follow timelike geodesics. These heuristic considerations were made mathematically precise by Kulsrud and Loeb, who studied electromagnetic wave packets, in Refs. [67] . See also Ref. [68] , in which more general dispersion relations were studied for a wider variety of plasma situations in a covariant way.
In the general case, even when the fact that they do not follow geodesics does not represent any restriction for the study of light propagation in a plasma medium, it is usually convenient to make a metric transformation under which light rays propagate as timelike geodesics (see, for example Refs. [54, 71] for the use of a conformal metric transformation for which light rays behave as timelike geodesics).
Note also that, defining the tensor
the Hamiltonian (3) takes the form,
with inverseg αγ (defined asg αβg αγ = δ β γ ):
In all these expressions, we use the photon frequency measured by a static observer, which is at rest with respect to the plasma medium, with normalized 4-velocity u α with respect to g αβ given by
and the expression (1) for the refractive index.
As explained in Ref. [72] , the tensorg αβ is not in general a metric tensor, due to its dependence on p α . However, for nondispersive media, it is a indeed a metric, and the light rays follow null geodesics with respect to it (see Ref. [72] for more details). In such situations the tensor (8) is known as the Gordon metric [73] .
On the other hand, for the case of static spacetimes, even considering dispersive media one can use a Fermatlike principle [72] , in which the spatial projections of the light rays on the slices t = constant which that solve Hamilton's equations (4) are also spacelike geodesics of the following Riemannian optical metric:
From now on, we will restrict our attention to static and spherically symmetric metrics surrounded by a cold nonmagnetized plasma with the same symmetries; that is, the physical spacetime is assumed to be described by a metric of the form (11) and with a radial dependence of the plasma frequency, ω e = ω e (r). Of course, we could consider a suitable coordinate system in which, instead of the three metric functions A, B and C we write the metric in terms of only two new functions; however we will retain the form (11) because we would like to write general expressions that remain valid for a large family of coordinate systems. Note that we are neglecting the self-gravitation of the plasma. We also assume asymptotic flatness and that the plasma medium is static with respect to observers following integral curves of the timelike Killing vector field
α . Consequently, we can take u α as
Because of the gravitational redshift, the frequency of a photon at a given radial position r is given by:
where ω ∞ is the photon frequency measured by an observer at infinity. This implies that the refractive index n only has a radial dependence. Without a loss of generality we will also take ϑ = π/2. As we are interested in the application of the Gauss-Bonnet theorem to the determination of the bending angle, following Gibbons and Werner [20] , we will make use of the associated twodimensional Riemannian manifold M opt , g opt ij with optical metric (10) (restricted to the plane ϑ = π/2),
This metric is conformally related to the induced metric on the spatial section t = constant, ϑ = π/2, of the physical spacetime, and therefore of the physical spacetime, and therefore it preserves the angles formed between two curves at a given point.
B. Gauss-Bonnet theorem
Let us recall the Gauss-Bonnet theorem for a twodimensional Riemannian manifold. The Gauss-Bonnet theorem connects the intrinsic geometry of a surface, given by the integral of the Gaussian curvature, with its topology described by the Euler characteristic number, which is a topological invariant.
Precisely, this theorem can be enunciated as follows [74] . Let D ⊂ S be a regular domain of an oriented two-dimensional surface S with Riemannian metricĝ ij , the boundary of which, is formed by a closed, simple, piecewise, regular and positive oriented curve (15) where χ(D) and K are the Euler characteristic and Gaussian curvature of D, respectively; κ g is the geodesic curvature of ∂D and ǫ i is the exterior angle defined in the ith vertex, in the positive sense (see Fig. 1 ). Given a smooth curve γ with tangent vectorγ such thatĝ
and acceleration vectorγ, the geodesic curvature κ g of γ can be computed as,
which is equal to zero if and only if γ is geodesic, becausė γ andγ are orthogonal. Following the work of Gibbons and Werner [20] , we will apply this theorem to the optical metric g opt ij of (14) in order to calculate the deflection angle in a plasma medium. For this, we start with the simply connected domain D R as shown in Fig.2 with a boundary conformed by a spatial geodesic γ p (which codifies the information of the light ray traveling from a source toward the observer, with an impact parameter b), and a curve C R , defined by r(ϕ) = R = constant. By taking the limit of the radius R of this curve going to infinity, and using the fact that in this limit the sum of the exterior angles must be equal to π and that in the situation under consideration χ(D R ) = 1, the resulting deflection angle α can be obtained from the following expression [see 
(18) In terms of the curvature tensor associated with the optical metric, the Gaussian curvature K can be computed from
Note that in general, it follows from (14) that
In this diagram, the point S represents the source, and the observer is identified with O. γp is identified with a light ray emitted by the source and that reaches the observer at O. b is identified with the impact parameter. The gray region represents the presence of the plasma, and L represents the source of the gravitational lens.
CR is a curve defined by r(ϕ) = R = constant. Note that all this region belongs to the two-dimensional optical mani-
, and therefore the true information of the presence of the plasma medium is already codified in g opt ij .
III. EXAMPLES AND APPLICATIONS TO HOMOGENEOUS PLASMA MEDIUM
To verify this approach for calculating the bending angle in the presence of a plasma medium, we will consider some illustrative examples and applications.
Let us consider a gravitational lens surrounded by an nongravitating homogeneous plasma of which the electron number density reads
Note that in this case, without the presence of a nonuniform gravitational field, the refractive index should be constant, and therefore should not be a lensing effect. However, because of the presence of the gravitational field, the homogeneous plasma medium effect is not trivial. In general, this effect will be dependent of the total mass or other parameters which characterize the geometry.
Schwarzschild spacetime
For a first example, we will calculate the bending angle for a spherically symmetric lens described by the Schwarzschild metric,
where r > 2m. The refractive index for this case reads,
Thus, the associated optical metric (14) is given by,
with determinant g opt ,
By using (19) we get for the Gaussian curvature,
Now, to compare the bending angle calculated using the Gauss-Bonnet theorem with expressions in the literature, we will only consider it at first order in m. So, we only need the following expression at linear order
The geodesic curvature of C R with respect to the metric (24) reads,
(28) On the other hand, from (20) and (24) it follows that for this curve,
Therefore, as expected for this number density profile and physical metric (which imply that the optical metric is asymptotically Euclidean) we corroborate that
At linear order in m, it follows using (18) in the limit R → ∞, and taking the geodesic curve γ p approximated by its flat Euclidean version parametrized as r = b/ sin ϕ, with b representing the impact parameter in the physical spacetime that
Finally, using (27) the deflection angle reads
which agrees with the known expression found using another methods [48] . Of course, in the absence of the plasma (ω e = 0), or in the limit at which its presence is negligible (ω e /ω ∞ → 0) this expression reduces to the known vacuum formula α = 4m b .
Schwarzschild metric pierced by a cosmic string in presence of a global monopole
Now, we want to explore how the presence of a plasma could modify the deflection angle in the Schwarzschild metric with a global monopole characterized by a parameter η and also pierced by a cosmic string characterized by a parameter µ. This metric, was recently analyzed by Jusufi using the Gauss-Bonnet theorem in vacuum [21] . For this case, we have
where a 2 = 1 − 8πη 2 and p 2 = (1 − 4µ) 2 indicate the presence of a global monopole and a cosmic string, respectively.
As the 00 component of this metric is the same as the Schwarzschild metric previously considered, the photon frequency and the refractive index are the same.
Then, the associated optical metric (14) is given by,
As one expects, the Gaussian and geodesic curvatures are the same as in the Schwarzschild case.
In way simila to the previous example, we only consider KdS at first order in m,
On the other hand, using (20) , we have
but at difference of the previous example, we obtain
At linear order in m, it follows from the use of (18) in the limit R → ∞, and taking the geodesic curve γ p approximated by its flat Euclidean version parametrized as
(39) Hence, the deflection angle reads
. (40) This expression generalizes the result in Ref. [21] to the case of light rays propagating in a homogeneous plasma.
In particula.r if we neglect the plasma effects, ω e /ω ∞ → 0, Eq. (40) reduces to the expression of that reference.
Self-dual lorentzian spacetimes
In [75] a family of metrics which contains as a particular case the Schwarzschild solution was presented. This family also contain a variety of different kind of compact bodies as black holes, wormholes and naked singular geometries. The metric depends on three parameters ν, λ and m,
Note that in this case
with A(∞) = (ν + λ) 2 . Therefore, for ν = −λ (which is not asymptotically flat and will be not discussed here), we have
At linear order in m the Gaussian curvature reads:
on the other hand, for the two-form KdS, we get
The exact expression for the geodesic curvature of C R is very cumbersome; however, at linear order in m the behavior of κ g dσ dϕ for large R is (as should be expected)
Finally, using the same arguments that allowed us to arrive at Eq.(31), the deflection angle reads,
In the absence of the plasma, this expression reduces to α = 2m b ν+2λ ν+λ , which can be checked to agree with the expression obtained using alternative methods, as, for example, by solving the null geodesic equation.
For the choice of the parameters of ν = 0, λ = 1, we recover the result for a Schwarzschild metric, Eq. (32) .
If ν = ν 0 = constant and λ = 0, which describes the so-called spatial Schwarzschild wormhole, the deflection angle results in α = 2 m b ; which is independent of the presence of the plasma. It is not unexpected, because in this case the refractive index is constant, due to there not being a gravitational redshift. This fact remains true for any spacetime of which the lapse function is equal to 1, as for example, for the Ellis wormhole.
Homogeneous plasma in more general alternatives to the Schwarzschild solution
Let us consider a more general class of spherically symmetric metrics with the behavior in the components of the metric [76, 77] 
with µ, β and γ three parameters and q ≥ 0. As explained in Ref. [76] , a coordinate transformation can be made such that the components of the metric preserve the form of Eqs. (47)- (49) but with β = 0 (Schwarzschildlike coordinates) or β = γ (isotropic coordinates). At the moment, we will keep the form (47)-(49) in order to not restrict the coordinate freedom. This family of metrics contains as a particular case the asymptotic field limit of the Schwarzschild solution (taking µ = γ = 2m, β = 0 and q = 1) and the Ellis wormhole (taking µ = γ = 0, β = a 2 and q = 2). For this class of metrics, the refractive index for an homogeneous plasma reads,
Neglecting q+1) ), the optical metric reads:
(51) with determinant g opt ,
After
drdϕ.
(53) The asymptotic expression for κ g dσ dϕ is
(54) Therefore, we can use again the Eq.(31), and the final result for the deflection angle is:
where
is the Gamma function. This expression generalizes some known particular formulas considered in the literature without the presence of a plasma medium. In isotropic coordinates (β = γ) the expression (55) reduces to
and in Schwarzschild-like coordinates (β = 0), it reduces to
In the absence of plasma, these expressions agree with the relations found in Refs. [76, 77] . In particular, for the choice of the parameters µ = γ = 2m, and q = 1, Eqs. (57) and (58) reproduce the result of the deflection angle for the Schwarzschild solution. For the choice µ = γ = 0, β = a 2 , and q = 2, using (55) we find that α = πa 2 4b 2 , which is the well-known value of the deflection angle for the Ellis spacetime at lower order in a 2 in the weak field approximation.
Let us focus now on the expression (57) for the bending angle in isotropic coordinates. From this expression, and due to the spherical symmetry, there exist simple relations that allow us to compute the useful optical quantities in weak gravitational lensing [17] in terms of the expression for the deflection angle, namely the shear γ = −γ(b)e 2iθ (with θ a polar angle defined in the celestial sphere of the observer [17] ) and the convergenceκ.
We find in the case under study that
; (60) with ∆ =
ds , a scale factor dependent on the distances d l , d ls , and d s representing the distance lens observer, lens source and observer source respectively. Now we consider some interested families as classified in Refs. [76] . Note that there exists an intersection between them. In the following, we omit writting the global factor ∆.
Family I: Extended dust distributions:
This case is obtained by requiring that µ = γ. In such situation, the metrics coming from Eqs. (47), (48) and (49) , can be interpreted in the framework of the Einstein equations as coming from an effective energy-momentum tensor of a perfect fluid with vanishing pressure [76] . For this family, the deflection angle, the shear and the convergence reduce to
The Schwarzschild solution is a particular example of this family, with q = 1 and µ = 2m. For this value of q, the converge is zero, independent of the presence of the plasma. As explained by Bozza and Postiglione [76] , if 0 < q < 1 and µ > 0, the energy-density is positive. However, if q > 1, the convergence is negative, and it is produced by an exotic lens with an effective energy-momentum tensor with a negative mass density. In all this family, the correction factor due to the presence of the homogeneous plasma is the same as in the Schwarzschild spacetime.
Family II: Pure anisotropic pressure distribution:
This family is characterized by q = 1, and it results in an effective energy-momentum tensor which has zero energy density and an anisotropic pressure. The optical scalars are:
If γ = µ = 2m, we recover again the Schwarzschild solution. If µ = 0, the plasma does not influence to the total deflection angle. The particular case µ = −γ will be analyzed in the case V .
Family III: Constant lapse family:
This family is characterized by µ = 0, and therefore as there is not gravitational redshift, a homogeneous plasma does not influence in the optical scalars. Their expressions read
Family IV: Zero lensing family (in the absence of plasma):
This family is characterized by µ = −γ. Without the presence of a plasma, the total deflection angle is zero, however, in the presence of a plasma, even when it is homogeneous, the deflection angle takes a non zero value. It is due to the fact that there exists a nontrivial redshift that makes the refractive index dependent of the radial coordinate r, however, the spatial components of the metric cannot cancel this new contribution. The optical scalars for this situation are
Family V: Zero spatial curvature:
This family is characterized by γ = 0. which makes the t = constant slices be flat. Curiously, for this family, the optical scalars take the same form as in the zero lensing family.
Another relevant quantity that in general changes in the presence of a plasma is the angular position of the Einstein ring. Let us assume that the parameters µ and γ are positive. Therefore from (57) and the weak lens equation it follows that the Einstein ring θ pl in the presence of a plasma is given by:
. (73) The relative change between the Einstein ring θ pl in the presence of the plasma and its value θ 0 in its absence is given by:
Under the assumption that ω 2 e /ω 2 ∞ ≪ 1 we can approximate the above expression to
For an example of the magnitude of the change in the position of the Einstein ring in Fig.(3) , assuming that µ = 0 and δ = γ/µ are positive, we have plotted the level curves of (75) for the quotient ω e /ω ∞ = 6 × 10 −3 . For this particular frequency relation, and with a value of θ 0 ≈ 1sec, the change is of the order of 1 − 10µsec. The change in the position for a Schwarzschild metric is a particular case of the level curve defined by δ = 1 and it was analyzed by the same value of ω e /ω ∞ in Ref. [48] . (47)- (49). As expected, for a fixed value of the quotient δ = γ/µ, the relative difference becomes smaller as q grows. The level curve that takes the value 9 × 10 −6 (not shown) contains the particular point (q = 1, δ = 1), corresponding to the relative position change in the Einstein rings associated with a Schwarzschild metric for the mentioned rate of frequencies.
IV. NONUNIFORM PLASMA MEDIUM
Now, to show how this approach to calculate the bending angle is also useful for light rays propagating in nonuniform plasma, we will recover a general expression for the deflection angle in the weak lensing regime obtained for the first time by Bisnovatyi-Kogan and Tsupko [48] in solving the Hamilton equations. In Appendix A, we also show some explicit examples.
Let us consider an asymptotically flat and spherical symmetric gravitational lens surrounded by an inhomogeneous plasma of wich the electron number density N (r) is a decreasing function of the radial coordinate r and such that its radial derivative N ′ (r) is also decreasing and smaller than N (r) . In isotropic coordinates, the components of the metric in the physical spacetime is codified in the following expressions;
A(r) = 1 − µh 00 (r), B(r) = 1 + γh rr (r), C(r) = r 2 B(r).
(76) The refractive index reads
The associated optical metric is given by
As we are only interested in terms that are linear in γ and µ, we write the Gaussian curvature at linear order in these parameters, arriving at an expression of the form
with
and where the functions F µ and F γ are defined as,
Here, K pl represent the plasma contribution to the Gaussian curvature which is also present in the case of a flat spacetime. K µ and K γ take into account the deviation of the metric from the flat background, and therefore they contain not only information about the pure gravitational fields but also about the interaction between this field and the plasma.
In principle, we could use this expression for the Gaussian curvature in order to compute the deflection angle. However, as in general the change in the deflection angle due to the presence of the refractive index is smaller than the main part due to the pure gravitational effect, we will assume as in Ref. [48] that the deflection angle is small and therefore as a first approximation the geodesic γ p can be taken as the straight line geodesic of the flat Euclidean space. On the other hand, we neglect all higher-order terms of the form O(N ′2 , µN ′ , µN ′′ , γN ′2 , γN ′′ ). Therefore in the following we discard the last term in K pl and the terms F µ and F γ in the other components of the Gaussian curvature.
Working at the mentioned order, we obtain for KdS:
(86) Furthermore, we need to compute k g and dσ dϕ along the curve C R associated to the optical metric (78) , which
On the other hand, we have that,
where all the functions in (87) and (88) are evaluated in r = R. Hence, we can check that, due to the asymptotic behavior of h 00 , h rr and N (r),
Collecting all these results together we find that the deflection angle in this approximation is given by
Using integration by parts in the first two terms of the radial integral and neglecting again in the process the terms of order O(N ′2 , h 00 N ′ ), we obtain:
If we transform to a new coordinate z related to r as z = √ r 2 − b 2 , thus satisfying tan ϕ = b/z, we can write the expression (91) as,
which is in complete agreement with the expression (30) derived by Bisnovatyi-Kogan and Tsupko in Ref. [48] . For completeness, the deflection angle for two different electronic density profiles is calculated in Appendix A.
V. APPLICATION OF THE GAUSS-BONNET THEOREM TO GRAVITATIONAL DEFLECTION OF MASSIVE PARTICLES A. Optical metric
Let us consider a static gravitational field. As was already remark by several authors in the past (see Refs. [48, 49] and references therein), there exists a correspondence between the dynamic of light rays of frequency ω ∞ in a homogeneous cold nonmagnetized plasma (with characteristic frequency ω e ) and the timelike geodesic motion of a test massive particle with mass µ and energy E ∞ as measured by an asymptotic observer at the same gravitational field. In particular if we make the identification ω e → µ = constant , ω ∞ → E ∞ , it follows that we can use the Hamiltonian (4) to describe the geodesic motion of massive particles.
For the same reason, given any static spacetime of the form
we can associate an optical metric (10) with each test particle of mass µ and energy E ∞ . Noting that the local energy E(x a ) as measured by a static observer is related to E ∞ by E(x a ) = E ∞ / A(x a ), it follows that the optical metric reads
This metric is implicit in the general work of Synge about geometrical optics in dispersive and nondispersive media (see the chapter XI of [72] ) and also in the recent work of Gibbons where he reintroduced (up to a constant factor E 2 ∞ ) the same metric under the name of the Jacobi metric [69] . We refer to the last reference for an elegant derivation and discussion of some of its properties.
Let us focus now in the geodesic motion of a massive particle of mass µ in and static and spherically symmetric spacetime. In particular we are interested in the description of the motion of the particle that leaves a source in an asymptotically flat region, reaches the lens at a minimal distance r 0 , and follows its trip until an asymptotic observer. The particle is assumed leaving the asymptotic region with a speed v as measured by an asymptotic observer and therefore with an energy
In the same way let us assume that the particle has an angular momentum J
with b the impact parameter. It follows that the optical metric reads
With all this information we can now study the spatial geodesics of the metric (97). Note that what follows is general for any refractive index and not only for massive particles. In particular, the geodesic motion follows from the Lagrangian
with the on-shell constraint:
From (99) it follows that
We refer to Ref. [69] for a justification of the identification between the constant associated to this conserve quantity and J/E ∞ , where one must also take into account that the optical metric defined in (94) (100) and (101) it follows that dr dϕ
The last expression for the orbital equation was also recently derived using the Hamiltonian approach [49, 52] . Using the metric (97) with n(r) given by (98) we can apply the Gauss-Bonnet theorem to the study of lensing for massive particles in any spherically symmetric gravitational field. Of course, if we want to compute the deflection angle using the Gauss-Bonnet theorem, we only need the flat trajectory of the particle written as usual, r = b/ sin ϕ; however the main motivation to explicitly write (102) is that we will apply the Gibbons-Werner method to study the deflection angle of massive particles at second order in a Schwarzschild metric of mass m, and for such goal we need to know the orbit at first order in m.
B. Application: Deflection angle of massive particles at second order in a Schwarzschild spacetime
Here, we restrict our attention to a Schwarzschild spacetime of mass m with A(r), B(r) and C(r) given by (22) . Using the variable u = 1/r, Eq.(102) reads du dϕ
This equation reduces to the equation of a massless particle for v = 1. We want to find solutions of this equation describing the scattering of massive particles in the weak gravitational region, with the condition that the particle comes from an asymptotic region, passes through the lens at a closer position at ϕ = π/2, and escapes to the asymptotic region again. To solve (103), and following the approach of Ref. [78] we assume that the solution can be expressed in powers of m as
. (104) Hence, using the mentioned conditions, we find
For v = 1, this expression reduces to the known secondorder solution of (103) for massless particles [78] . Now, we apply the Gauss-Bonnet theorem to compute the deflection angle to second order. From the optical metric that follows from (22), (97), and (98), we compute the associated determinant and Gaussian curvature,
As we are interested in the computation at second order of the deflection angle, we need the expression for KdS at second order, which is given by:
(108) On the other hand, as was discussed for the homogeneous plasma in Schwarzschild solution, doing the correspondent identifications between frequencies and energy and mass it follows that (30) remains valid. Consequently, the deflection angle at second order is computed from (31) with r γ = u −1 γ (ϕ) and u γ (ϕ) given by the first two terms of (105). After doing the integrals, the final result for the deflection angle reads
This expression reduces to the known result for massless particles. For massive particles, there exist two different expressions in the literature. The first one given by Accioly and Ragusa [79] , and the second by Bhadra, Sarkar and Nandi [80] . There is also a third work by He and Lin [81] , in which a numerical computation of the deflection angle was made, with agreement with the result of Accioly and Ragusa. Our computation also is consistent with the results of Ref. [79] . It can also be checked conserving the O(m 2 ) terms of the expression (105) and applying the method proposed in Ref. [78] to compute the bending angle. For a final comment, let us note that by doing the identification
we can use expression (109) in order to obtain the deflection angle at second order in an homogeneous plasma for light rays,
which generalizes at second order Eq.(32). However, because of the smallness of the plasma effects, this correction does not appear to be relevant for near-future observations.
VI. FINAL REMARKS
In this work, we have shown how the Gauss-Bonnet theorem can be successfully used to study plasma media in gravitational fields. To use this theorem we have made the following assumptions: the underlying spacetime is static with a timelike Killing vector field ξ α , and, in particular, spherically symmetric and asymptotically flat; it is surrounded by a cold nonmagnetized plasma that is also assumed to be spherically symmetric and at rest with respect to the timelike orbits of ξ α ; and the region under study of the light rays is in the weak gravitational regime. Then, using an appropriate Riemannian optical metric that satisfies a Fermat-like variational principle and that is conformal to the induced metric on the spatial slices Σ t of the physical metric (which are orthogonal to ξ α ), it follows that the Gibbons-Werner method can be applied.
In this way, we obtain an invariant and geometrical expression for the deflection angle in terms of geometrical and topological quantities even when in the physical spacetime the light rays do not follow in general null geodesics. Moreover, by using a correspondence between the motion of a massive particle and the dynamics of light rays in a homogeneous plasma, we have successfully applied the Gibbons-Werner method to the study of the deflection angle of massive particles. In particular, we have shown several applications for the case of a homogeneous plasma and some nonhomogeneous profiles. In the last cases, we have only computed the lower-order correction due to the plasma. For a more complete treatment, we should write the equation for the trajectory γ p in a more precise way and integrate in way similar to that for the second order computation of the deflection angle for massive particles.
The observational relevance of the influence of the plasma in the bending angle and in the associate quantities has been analyzed by different authors and for several astrophysical situations [47, 48, 71, 88, 89] . We would like to mention here that the plasma frequency f = ω e /2π usually takes values from few kHz to 100MHz [71] . Even when on the surface of the Earth we are limited by the ionosphere to observe only frequencies above 10MHz, there exists radioastronomy projects that consider the idea of putting in orbit 50 or more nanosatellites with low-frequency antennas with a frequency sensitivity in the range of 0.1-10MHz [45, 46] . As shown in Table I , for this range of frequencies the deviation in the position of the images (as determined by the Einstein rings), is not negligible. The Schwarzschild metric case was analyzed in the past for a ratio ω e /ω ∞ of the order of 10 −3 [48, 88] . Here we also present the values for observations in a lower range of frequencies and also for other potential exotic objects. In the last cases, when q > 1, the influence of the plasma is smaller than in the Schwarzschild spacetime but still potentially detectable. In particular, we can observe that if the Einstein ring without the presence of the plasma takes a value of the order of 1arcsec, then the difference between the optical and the radio-frequency images vary from micro-arcseconds to milli-arcseconds. These differences should be detectable in the near future.
On the other hand, the Gauss-Bonnet theorem is useful not only for describing weak gravitational lensing but also lensing effects in the strong regime and providing finite distance corrections. Note also that, even when we have applied the Gauss-Bonnet theorem to static and spher- (74) for the class of metrics discussed in Sec. III 4. Here we assume that µ = γ with µ = 0. Note that the same relative change is valid for the deflection angle and the other optical scalars. q ωe/ω∞ ically symmetric gravitational fields with a dispersive medium characterized by a refractive index n(r, ω(r)), it can be also applied to nondispersive fluids. It follows as a consequence that in that case the light rays with tangent vectors ℓ α must be null geodesics of the Gordon metric, and therefore they must satisfy the condition
which implies an optical metric as in (10) . To finalize, let us remark that recently a great interest in the study of plasma environments in gravitational fields produced by rotating sources has arisen [54, [56] [57] [58] [82] [83] [84] [85] [86] [87] . To deal with such situations, a modification of the Gauss-Bonnet theorem approach [35] [36] [37] [38] [39] [40] [41] can be used. In future works we will show how to apply these techniques for the study of more general plasma environments and the gravitational lensing of massive particles in rotating and stationary gravitational fields.
Here, we consider a gravitational lens surrounded by an inhomogeneous plasma of which the number density of electrons reads
surrounding the exterior of a spherical mass described by the Schwarzschild metric (22) . It follows that the photon frequency has the same behavior as in the homogeneous case; however, the refractive index changes,
In this case, the associated optical metric is given by, 
and for the Gaussian curvature, we get 
Furthermore, we need to compute k g and dt dϕ along the curve C R associated with the optical metric (A3), which gives
and
(A8) Hence, we can check that
Finally, using again the expression (31) the deflection angle reads, 
In that case the refractive index is given by, n(r) = 1 − K e N 0 e −r/r0 ω 2
and the associated optical metric is 
The determinant g opt of the optical metric (A13) reads, 
while the Gaussian curvature associated with this metric is given by, with K 0 the modified zero Bessel function of the second kind. A similar expression obtained using another method can be found in Ref. [88] .
